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Abstract. We study the availability analysis of three different series system
configurations with warm standby components and general repair times. The
time-to-failure for each of the primary and warm standby components is
assumed to be exponentially distributed with respective parameter k and a.
This paper presents a recursive method, using the supplementary variable
technique and treating the supplementary variable as the remaining repair
time, to develop the steady-state probability distribution of the number of
working components in the system. We develop the explicit expressions for
the steady-state availability, Av, for three configurations and perform com-
parisons. For all three configurations, comparisons are made for specific
values of distribution parameters and of the cost of the components. The
configurations are ranked based on Av and cost/benefit, for three various
repair time distributions: exponential, 3-stage Erlang, and deterministic,
where benefit is Av.

Key words: Availability, Cost-benefit, Recursive method, Series system,
Supplementary variable, General repair times

1 Introduction

In this paper we use a supplementary variable technique to study the avail-
ability analysis of three different series system configurations with warm
standby components. The steady-state availability, Av, has widely been ana-
lyzed in the literature because of its prevalence in power plants, manufac-
turing systems, and industrial systems. Maintaining a high or required level of
availability is often an essential requisite. A standby component is called a
’warm standby’ if its failure rate is nonzero and is less than the failure rate of
a primary component. Primary and warm standby components can be con-
sidered to be repairable.
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The supplementary variable technique was first proposed by Cox [2], and it
had been widely applied to the M/G/1 queueing system by Cohen [1], Hokstad
[6], Keilson andKooharian [7], Takacs [8] andmany others. On the basis of this
technique, Gupta and Rao [4, 5] studied the no-spare M/G/1 machine repair
problem and the cold-standby M/G/1 machine repair problem, respectively.
Gaikowsky, et al. [3] and Wang and Pearn [9] analyzed the series systems with
cold standby components and warm standby components, respectively, where
the repair time distribution of the server is assumed to be exponentially dis-
tributed.Wang andKuo [10] dealed the reliability, the availability, and the cost/
benefit analysis of four different series system configurations with mixed
standby (include cold standby and warm standby) components.

The problem considered in this paper is more general than the works of
Gaikowsky, et al. [3] and Wang and Pearn [9]. The explicit expression for the
Av to series system with repair time distribution of the general type has not
been found. We first present a recursive method, using the supplementary
variable technique and treating the supplementary variable as the remaining
repair time, to develop the Avi, for configuration i, where i ¼ 1; 2; 3. Next, for
each configuration, the explicit expressions for the Av for three different repair
time distributions such as exponential (M), k-stage Erlang (Ek), and deter-
ministic (D) are provided. Finally, we rank three configurations for the Av
based on assumed numerical values given to the system parameters.

2. Description of the system

For the sake of discussion, we consider the requirements of a 30 MW power
plant. We assume that generators are available in units of 30 MW, 15 MW
and 10 MW. We also assume that standby generators are allowed to fail while
inactive before they are put into full operation, and that the standby gener-
ators are continuously monitored by a fault detecting device in order to
identify if they fail or not. It is assumed that all switchover times are
instantaneous and switching is perfect, e.g. never fails and never does any
damage. Primary components and warm standby components can be con-
sidered to be repairable. Suppose that each of the primary components fails
independently of the state of the others and has an exponential time-to-failure
distribution with parameter k. Whenever one of these components fails, it is
immediately replaced by a warm standby component if any is available. We
now assume that each of the available standby components fails indepen-
dently of the state of all the others and has an exponential time-to-failure
distribution with parameter a ð0 < k < aÞ. It is assumed that the time-to-
repair of the components are independent and identically distributed (i.i.d.)
random variables having a distribution BðuÞðu � 0Þ, a probability density
function bðuÞðu � 0Þ and mean service time b1. If one component is in repair,
then arriving failed components have to wait in the queue until the server is
available. Let us assume that failed components arriving at the server form a
single waiting line and are served in the order of their arrivals; i.e., according
to the first-come, first-served discipline. Suppose that the server can serve only
one primary component (or warm standby component) at a time, and that the
service is independent of the arrival of the components. Once a component is
repaired, it is as good as new.
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We consider three configurations as follows: The first configuration is a
serial system of one primary 30 MW component with one warm standby 30
MW component (Figure 1). The second configuration is a serial system of two
primary 15 MW components and one warm standby 15 MW component
(Figure 2). The standby unit can replace either one of the initially working
units in case of failure. The last configuration is a serial system of three
primary 10 MW components with two interchangeable warm standby 10 MW
components. (Figure 3). Each standby unit can replace either one of the failed
components. If necessary, a standby unit can also replace the first used
standby unit in case of failure.

2.1. Cost-benefit factor

We assume that the size-proportional costs for the primary components and
warm standby components are given in Table 1. With this, we calculate the
costs for each configuration iði ¼ 1; 2; 3Þ shown in Table 2. Let Ci be the cost
of the configuration i, and Bi be the benefit of the configuration i, where Bi is
the Avi.

Fig. 1. Configuration 1h one primary 30MW component
and one warm standby 30MW component

Fig. 2. Configuration 2h two primary 15 MW
components and one warm standby 15 MW
component

Fig. 3. Configuration 3h three primary 10 MW
components and two interchangeable 10 MW
warm standby component
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3. Availability analysis of the system

We use the following supplementary variable: U � remaining repair time for
the component under repair. The state of the system at time t is given by

NðtÞ � number of working components in the system, and

UðtÞ � remaining repair time for the component being repaired:

Let us define

Pnðu; tÞdu ¼ PrfNðtÞ ¼ n; u < UðtÞ � uþ dug; u � 0

PnðtÞ ¼
Z 1
0

Pnðu; tÞdu:

3.1. Availability for configuration 1

Relating the state of the system at time t and t þ dt, we obtain

d
dt

P2ðtÞ ¼ �ðkþ aÞP2ðtÞ þ P1ð0; tÞ; ð1Þ

�
@

@t
� @

@u

�
P1ðu; tÞ ¼ �kP1ðu; tÞ þ ðkþ aÞP2ðu; tÞ þ P0ð0; tÞbðuÞ; ð2Þ

�
@

@t
� @

@u

�
P0ðu; tÞ ¼ kP1ðu; tÞ: ð3Þ

In steady-state, let us define

Pn ¼ lim
t!1

PnðtÞ; n ¼ 2; 1; 0

PnðuÞ ¼ lim
t!1

Pnðu; tÞ; n ¼ 2; 1; 0:

and further define

Table 1. The size-proportional cost for the primary and warm standby components

Component Cost (in $)

Primary 30 MW 30� 106

Primary 15 MW 15� 106

Primary 10 MW 10� 106

Warm standby 30 MW 18� 106

Warm standby 15 MW 9� 106

Warm standby 10 MW 6� 106

Table 2. The costs for each configuration i, i ¼ 1; 2; 3

Configuration Cost (in $)

Configuration 1 48� 106

Configuration 2 39� 106

Configuration 3 42� 106
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P2ðuÞ ¼ P2bðuÞ: ð4Þ
From (1)–(4), the steady-state equations are given by:

0 ¼ �ðkþ aÞP2 þ P1ð0Þ; ð5Þ

� d
du

P1ðuÞ ¼ �kP1ðuÞ þ ðkþ aÞP2bðuÞ þ P0ð0ÞbðuÞ; ð6Þ

� d
du

P0ðuÞ ¼ kP1ðuÞ: ð7Þ

It follows from (5)

P1ð0Þ ¼ ðkþ aÞP2: ð8Þ
Further define

B�ðsÞ ¼
Z 1
0

e�sudBðuÞ ¼
Z 1
0

e�subðuÞdu;

P �n ðsÞ ¼
Z 1
0

e�suPnðuÞdu;

Pn ¼ P �n ð0Þ ¼
Z 1
0

PnðuÞdu;

andZ 1
0

e�su d
du

PnðuÞdu ¼ sP �n ðsÞ � Pnð0Þ:

Taking the LST on both sides of (6)–(7) and using (8), we get

ðk� sÞP �1 ðsÞ ¼ P1ð0ÞB�ðsÞ þ P0ð0ÞB�ðsÞ � P1ð0Þ; ð9Þ

�sP �0 ðsÞ ¼ kP �1 ðsÞ � P0ð0Þ: ð10Þ
A recursive method is used to develop the steady-state solutions
P �n ð0Þðn ¼ 1; 0Þ. Setting s ¼ k and s ¼ 0 in (9), respectively, we finally ob-
tain

P0ð0Þ ¼
1� B�ðkÞ

B�ðkÞ P1ð0Þ ¼
ðkþ aÞ½1� B�ðkÞ�

B�ðkÞ P2; ð11Þ

and

P �1 ð0Þ ¼
1

k
P0ð0Þ ¼

ðkþ aÞ
�
1� B�ðkÞ

�
kB�ðkÞ P2: ð12Þ

Differentiating (10) with respect to s and setting s ¼ 0 finally gives

P �0 ð0Þ ¼ �kP �ð1Þ1 ð0Þ: ð13Þ
Likewise, differentiating (9) with respect to s and setting s ¼ 0 finally yields

kP �ð1Þ1 ð0Þ ¼ P �1 ð0Þ � b1

�
P0ð0Þ þ P1ð0Þ

�
; ð14Þ

where b1 ¼ �B�ð1Þð0Þ denotes the mean repair time.
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From (13)–(14), we have

P �0 ð0Þ ¼ �P �1 ð0Þ þ b1

�
P0ð0Þ þ P1ð0Þ

�
: ð15Þ

Using (8) and (11)–(12) on (15) finally yields

P �0 ð0Þ ¼
ðkþ aÞ

�
kb1 � 1þ B�ðkÞ

�
kB�ðkÞ P2: ð16Þ

In order to find P2, we substitute (12) and (16) in the normalizing condition

P2 þ P �1 ð0Þ þ P �0 ð0Þ ¼ 1;

which gives

P2 ¼
B�ðkÞ

b1ðkþ aÞ þ B�ðkÞ : ð17Þ

Thus

P �0 ð0Þ ¼
ðkþ aÞ

�
kb1 � 1þ B�ðkÞ

�
k
�
b1ðkþ aÞ þ B�ðkÞ

� : ð18Þ

For configuration 1, the explicit expression for the Av1 is given by

Av1 ¼ 1� P �0 ð0Þ ¼
kþ a

�
1� B�ðkÞ

�
k
�
b1ðkþ aÞ þ B�ðkÞ

� : ð19Þ

3.1.1. Special cases

We present three special cases for three different repair time distributions such
as exponential (M), k-stage Erlang (Ek), and deterministic (D). The explicit
expressions for the Av1 for three different repair time distributions such as
exponential, k-stage Erlang, and deterministic are given in the following.

Case 1. The repair time has exponential distribution. We set the mean repair
time b1 ¼ 1=l, where l is the repair rate. In this case, we have

B�ðsÞ ¼ l
lþ s

:

From (19), the explicit expression for the Av1(M) is given by

Av1(M) ¼ lðkþ lþ aÞ
kðkþ aÞ þ lðkþ lþ aÞ : ð20Þ

Case 2. The repair time has k-stage Erlang distribution. The k-stage Erlang
distribution is made up of k independent and identical exponential stages,
each with mean 1=kl. We set the mean repair time b1 ¼ 1=l. In this case, we
have

B�ðsÞ ¼
�

kl
klþ s

�k

:

From (19) again, we obtain the following explicit expression for the Av1(Ek)

Av1ðEkÞ ¼
lðkþ aÞðkþ klÞk � laðklÞk

kðkþ aÞðkþ klÞk þ klðklÞk
: ð21Þ
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Case 3. The repair time distribution is deterministic. We set the mean repair
time b1 ¼ 1=l. In this case, we have

B�ðsÞ ¼ e�s=l:

It follows from (19) that the explicit expression for the Av1(D) is given by

Av1(D) ¼
l
�
kþ a� ae�

k
l
�

k
�
kþ aþ le�

k
l
� : ð22Þ

3.2. Availability for configuration 2

Following the same procedures given in the section that analyzes the con-
figuration 1 case, we can easily set up the steady-state equations as follows:

0 ¼ �ð2kþ aÞP3 þ P2ð0Þ; ð23Þ

� d
du

P2ðuÞ ¼ �2kP2ðuÞ þ ð2kþ aÞP3bðuÞ þ P1ð0ÞbðuÞ; ð24Þ

� d
du

P1ðuÞ ¼ 2kP2ðuÞ; ð25Þ

where we define

P3ðuÞ ¼ P3bðuÞ: ð26Þ
From (23) we have

P2ð0Þ ¼ ð2kþ aÞP3: ð27Þ
Taking the LST on both sides of (24)–(25) and using (27), we get

ð2k� sÞP �2 ðsÞ ¼ P2ð0ÞB�ðsÞ þ P1ð0ÞB�ðsÞ � P2ð0Þ; ð28Þ

�sP �1 ðsÞ ¼ 2kP �2 ðsÞ � P1ð0Þ: ð29Þ
Setting s ¼ 2k and s ¼ 0 in (28), respectively, we finally get

P1ð0Þ ¼
1� B�ð2kÞ

B�ð2kÞ P2ð0Þ ¼
ð2kþ aÞ

�
1� B�ð2kÞ

�
B�ð2kÞ P3; ð30Þ

and

P �2 ð0Þ ¼
1

2k
P1ð0Þ ¼

ð2kþ aÞ
�
1� B�ð2kÞ

�
2kB�ð2kÞ P3: ð31Þ

Differentiating (29) with respect to s and setting s ¼ 0 finally get

P �1 ð0Þ ¼ �2kP �ð1Þ2 ð0Þ: ð32Þ
Likewise, differentiating (28) with respect to s and setting s ¼ 0 finally obtain

2kP �ð1Þ2 ð0Þ ¼ P �2 ð0Þ � b1

�
P1ð0Þ þ P2ð0Þ

�
: ð33Þ

It implies from (32)–(33) that

P �1 ð0Þ ¼ �P �2 ð0Þ þ b1

�
P1ð0Þ þ P2ð0Þ

�
: ð34Þ

Using (27) and (30)–(31) finally gives
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P �1 ð0Þ ¼
ð2kþ aÞ

�
2kb1 � 1þ B�ð2kÞ

�
2kB�ð2kÞ P3: ð35Þ

In order to find P3, we substitute (31) and (35) in the normalizing condition

P3 þ P �2 ð0Þ þ P �1 ð0Þ ¼ 1;

which yields

P3 ¼
B�ð2kÞ

b1ð2kþ aÞ þ B�ð2kÞ : ð36Þ

Thus

P �1 ð0Þ ¼
ð2kþ aÞ

�
2kb1 � 1þ B�ð2kÞ

�
2k
�
b1ð2kþ aÞ þ B�ð2kÞ

� : ð37Þ

For configuration 2, the explicit expression for the Av2 is given by

Av2 ¼ 1� P �1 ð0Þ ¼
2kþ a

�
1� B�ð2kÞ

�
2k
�
b1ð2kþ aÞ þ B�ð2kÞ

� : ð38Þ

3.2.1. Special cases

For configuration 2, we also consider three special cases for three different
repair time distributions such as exponential (M), k-stage Erlang (Ek), and
deterministic (D). We provide the following explicit expressions for the
Av2ðMÞ, Av2ðEkÞ, Av2ðDÞ for three different repair time distributions: expo-
nential, k-stage Erlang, and deterministic, respectively.

Av2ðMÞ ¼
lð2kþ lþ aÞ

2kð2kþ aÞ þ lð2kþ lþ aÞ : ð39Þ

Av2ðEkÞ ¼
lð2kþ aÞð2kþ klÞk � laðklÞk

2kð2kþ aÞð2kþ klÞk þ 2klðklÞk
: ð40Þ

Av2ðDÞ ¼
l
�
2kþ a� ae�

2k
l
�

2k
�
2kþ aþ le�

2k
l
� : ð41Þ

3.3. Availability for configuration 3

Following the same procedures given in the section that analyzes the con-
figurations 1 and 2 cases, we can easily set up the steady-state equations as
follows:

0 ¼ �ð3kþ 2aÞP5 þ P4ð0Þ; ð42Þ
� d

du
P4ðuÞ ¼ �ð3kþ aÞP4ðuÞ þ ð3kþ 2aÞP5bðuÞ þ P3ð0ÞbðuÞ; ð43Þ

� d
du

P3ðuÞ ¼ �3kP3ðuÞ þ ð3kþ aÞP4ðuÞ þ P2ð0ÞbðuÞ; ð44Þ

� d
du

P2ðuÞ ¼ 3kP3ðuÞ; ð45Þ

336 K.-H. Wang et al.



www.manaraa.com

where we define

P5ðuÞ ¼ P5bðuÞ: ð46Þ
From (42), we have

P4ð0Þ ¼ ð3kþ 2aÞP5: ð47Þ
Taking the LST on both sides of (43)–(45) and using (47), it yields

ð3kþ a� sÞP �4 ðsÞ ¼ P4ð0ÞB�ðsÞ þ P3ð0ÞB�ðsÞ � P4ð0Þ; ð48Þ

ð3k� sÞP �3 ðsÞ ¼ ð3kþ aÞP �4 ðsÞ þ P2ð0ÞB�ðsÞ � P3ð0Þ; ð49Þ

�sP �2 ðsÞ ¼ 3kP �3 ðsÞ � P2ð0Þ: ð50Þ
Setting s ¼ 3kþ a and s ¼ 0 in (48), respectively, we finally obtain

P3ð0Þ ¼
1� B�ð3kþ aÞ

B�ð3kþ aÞ P4ð0Þ ¼
ð3kþ 2aÞ

�
1� B�ð3kþ aÞ

�
B�ð3kþ aÞ P5; ð51Þ

and

P �4 ð0Þ ¼
1

3kþ a
P3ð0Þ ¼

ð3kþ 2aÞ
�
1� B�ð3kþ aÞ

�
ð3kþ aÞB�ð3kþ aÞ P5: ð52Þ

Likewise, setting s ¼ 3k and s ¼ 0 in (49), respectively, we finally get

P2ð0Þ ¼
P3ð0Þ � ð3kþ aÞP �4 ð3kÞ

B�ð3kÞ ; ð53Þ

and

P �3 ð0Þ ¼
1

3k
P2ð0Þ: ð54Þ

Differentiating (50) with respect to s and setting s ¼ 0 finally yields

P �2 ð0Þ ¼ �3kP �ð1Þ3 ð0Þ: ð55Þ
Differentiating (49) with respect to s and setting s ¼ 0, we finally get

3kP �ð1Þ3 ð0Þ ¼ P �3 ð0Þ þ ð3kþ aÞP �ð1Þ4 ð0Þ � b1P2ð0Þ: ð56Þ
Likewise, differentiating (48) with respect to s and setting s ¼ 0, we have

ð3kþ aÞP �ð1Þ4 ð0Þ ¼ P �4 ð0Þ � b1

�
P3ð0Þ þ P4ð0Þ

�
: ð57Þ

From (55)–(57), we finally obtain

P �2 ð0Þ ¼ �
�
P �3 ð0Þ þ P �4 ð0Þ

�
þ b1

�
P2ð0Þ þ P3ð0Þ þ P4ð0Þ

�
: ð58Þ

Setting s ¼ 3k in (48) yields

P �4 ð3kÞ ¼
ð3kþ 2aÞ

�
B�ð3kÞ � B�ð3kþ aÞ

�
aB�ð3kþ aÞ P5: ð59Þ

Substituting (51) and (59) into (53), we finally get

P2ð0Þ ¼
ð3kþ 2aÞ

�
a
�
1� B�ð3kÞ

�
þ 3k

�
B�ð3kþ aÞ � B�ð3kÞ

��

aB�ð3kÞB�ð3kþ aÞ P5: ð60Þ
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We must again use the following normalizing condition

P5 þ P �4 ð0Þ þ P �3 ð0Þ þ P �2 ð0Þ ¼ 1;

in (58), which gives

P5 þ b1

�
P2ð0Þ þ P3ð0Þ þ P4ð0Þ

�
¼ 1: ð61Þ

Utilizing (47), (51), and (60) in (61), we obtain

P5 ¼
"
1þ

b1ð3kþ 2aÞ
�

aþ 3k
�
B�ð3kþ aÞ � B�ð3kÞ

��

aB�ð3kÞB�ð3kþ aÞ

#�1
: ð62Þ

For configuration 3, the explicit expression for the Av3 is given by

Av3 ¼ 1� P �2 ð0Þ ¼ P5 þ P �4 ð0Þ þ P �3 ð0Þ

¼
	
1þ
ð3kþ 2aÞ

�
1� B�ð3kþ aÞ

�
ð3kþ aÞB�ð3kþ aÞ

þ
ð3kþ 2aÞ

�
a
�
1� B�ð3kÞ

�
þ 3k

�
B�ð3kþ aÞ � B�ð3kÞ

��

3kaB�ð3kÞB�ð3kþ aÞ



P5; ð63Þ

where P5 is given in (62).
For configuration 3, substituting the expressions B�ðsÞ for three various

repair time distributions: exponential, k-stage Erlang, and deterministic
into (63), we can obtain the explicit expressions for the Av3ðMÞ, Av3ðEkÞ,
Av3ðDÞ, respectively. The explicit expressions for the Av3ðMÞ, Av3ðEkÞ and
Av3ðDÞ are too ample to be shown here. However, a numerical example
will be given for this case to compare this configuration with other con-
figurations.

4. Comparison of the three configurations

4.1. Comparison of the Av

In this section, the computer software, e.g., MATLAB, is used to compare
three configurations in terms of their Aviði ¼ 1; 2; 3Þ for three different repair
time distributions: exponential, 3-stage Erlang, and deterministic.

We first perform a comparison for the Av of the configurations 1, 2, and 3
when the repair time distribution is exponential, or 3-stage Erlang, or
deterministic. We choose a ¼ 0:05, l ¼ 1:5, and vary the values of k from 0.2
to 1.6. Numerical results of the AviðMÞ, AviðE3Þ, and AviðDÞ for configuration
iði ¼ 1; 2; 3Þ are shown in Table 3 for cases 1–3, respectively.

Next, we perform a comparison for the Av of the configurations 1, 2, and 3
when the repair time distribution is exponential, or 3-stage Erlang, or
deterministic. We choose a ¼ 0:05, k ¼ 0:2, and vary the values of l from 0.5
to 3.0. Numerical results of the AviðMÞ, AviðE3Þ, and AviðDÞ for configuration
iði ¼ 1; 2; 3Þ are shown in Table 4 for cases 1–3, respectively.
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4.2. Comparison of three configurations based on their cost=benefit ratios

We consider that the various configurations may have different costs when
comparing all configurations. From Table 2, the cost ðCiÞ of the configuration
iði ¼ 1; 2; 3Þ are listed in the following:

C1 ¼ $48� 106;C2 ¼ $39� 106;C3 ¼ $42� 106:

We first fix a ¼ 0:05; l ¼ 1:0, and vary the values of k from 0.2 to 1.6.
Numerical results of the Ci=AviðMÞ, Ci=AviðE3Þ, and Ci=AviðDÞ for configu-
ration iði ¼ 1; 2; 3Þ are depicted in Figures 4–6, respectively. Figures 4–6 show
that the Ci=Avi increases as k increases for any configuration. One observes
from Figure 4 that the optimal configuration using the Ci=AviðMÞ value de-
pends on the value of k. When 0:2 < k < 0:6308, the optimal configuration is
configuration 2, but when 0:6308 < k < 1:6, the optimal configuration is
configuration 1. We can easily see from Figure 5 that the optimal configu-
ration using the Ci=AviðE3Þ value depends on the value of k. When
0:2 < k < 0:6913, the optimal configuration is configuration 2, but when
0:6913 < k < 1:6, the optimal configuration is configuration 1. It appears
from Figure 6 that the optimal configuration using the Ci=AviðDÞ value de-
pends on the value of k. When 0:2 < k < 0:7398, the optimal configuration is
configuration 2, but when 0:7398 < k < 1:6, the optimal configuration is
configuration 1.

Table 4. Comparison of the configurations 1, 2, 3 for Av

Range of l Result

Case 1. Exponential
0:5 < l < 1:0362 Av1ðMÞ > Av2ðMÞ > Av3ðMÞ
1:0362 < k < 3:0 Av1ðMÞ > Av3ðMÞ > Av2ðMÞ
Case 2. 3-stage Erlang
0:5 < l < 0:8447 Av1ðE3Þ > Av2ðE3Þ > Av3ðE3Þ
0:8472 < l < 3:0 Av1ðE3Þ > Av3ðE3Þ > Av2ðE3Þ
Case 3. Deterministic
0:5 < l < 0:7578 Av1ðDÞ > Av2ðDÞ > Av3ðDÞ
0:7578 < l < 3:0 Av1ðDÞ > Av3ðDÞ > Av2ðDÞ

Table 3. Comparison of the configurations 1, 2, 3 for Av

Range of k Result

Case 1. Exponential
0:2 < k < 0:2984 Av1ðMÞ > Av3ðMÞ > Av2ðMÞ
0:2984 < k < 1:6 Av1ðMÞ > Av2ðMÞ > Av3ðMÞ
Case 2. 3-stage Erlang
0:2 < k < 0:3658 Av1ðE3Þ > Av3ðE3Þ > Av2ðE3Þ
0:3658 < k < 1:6 Av1ðE3Þ > Av2ðE3Þ > Av3ðE3Þ
Case 3. Deterministic
0:2 < k < 0:4058 Av1ðDÞ > Av3ðDÞ > Av2ðDÞ
0:4058 < k < 1:6 Av1ðDÞ > Av2ðDÞ > Av3ðDÞ
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Next, we fix a ¼ 0:05; k ¼ 0:2, and vary the values of l from 0.5 to 3.0.
Numerical results of the Ci=AviðMÞ, Ci=AviðE3Þ, and Ci=AviðDÞ for configu-
ration iði ¼ 1; 2; 3Þ are depicted in Figures 7–9, respectively. Figures 7–9 show
that the Ci=Avi decreases as l increases for any configuration. We observe
from Figures 7–9 that the optimal configuration using the Ci=AviðMÞ, or
Ci=AviðE3Þ or Ci=AviðDÞ value is configuration 2.

Fig. 5. Ci/AVi(E3) versus failure rate k

Fig. 4. Ci/AVi(M) versus failure rate k
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5. Conclusions

In this paper we have first utilized the supplementary variable technique to
develop the steady-state availability, Av, of three different series system
configurations with warm standby components and general repair times.

Fig. 7. Ci/AVi(M) versus service rate l

Fig. 6. Ci/AVi(D) versus failure rate k
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Next, for each configuration, we present the explicit expressions for the Av for
three various repair time distributions such as exponential (M), k-stage
Erlang (Ek), and deterministic (D). Finally, we rank three configurations
based on the Av and the cost/Av for three various repair time distributions.

Fig. 9. Ci/AVi (D) versus service rate l

Fig. 8. Ci/AVi (E3) versus service rate l
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